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The Born–Oppenheimer (BO) approximation has shaped our understanding on molecular 

dynamics microscopically in many physical and chemical systems. However, there are many 

cases that we must go beyond the BO approximation, particularly when strong light-matter 

interactions are considered. Floquet theory offers a powerful tool to treat time-periodic 

quantum systems. In this overview, we briefly review recent developments on Floquet 

nonadiabatic dynamics, with a special focus on open quantum systems. We first present the 

general Floquet Liouville von-Neumann (LvN) equation. We then show how to connect 

Floquet operators to real time observables. We proceed to outline the derivation of the Floquet 

quantum master equation in treating the dynamics under periodic driving in open quantum 

systems. We further present the Floquet mixed quantum classical Liouville equation (QCLE) 

to deal with coupled electron-nuclear dynamics. Finally, we embed FQCLE into a classical 

master equation (CME) to deal with Floquet nonadiabatic dynamics in open quantum systems. 

The formulations are general platforms for developing trajectory based dynamical 

approaches. As an example, we show how Floquet QCLE and Floquet CME can be 

implemented into a Langevin dynamics with Lorentz force and surface hopping algorithms.   

1. INTRODUCTION 

Molecular dynamics (MD) in the presence of an external periodic driving field is a research topic of 

intense interests both experimentally and theoretically 1, 2, 3, 4. For instance, using laser as the driving 

field, phenomena such as higher-order harmonic generation, molecular structural deformations, 

photodissociation and ionization have been observed 5, 6. Early MD simulations were based on the Born-

Oppenheimer (BO) or adiabatic approximation which simply implies that nuclei classically evolve on 

one Potential Energy Surface (PES), typically the ground state PES 7. However, growing evidence 

supports the breakdown of the BO approximation in many systems 8, 9. For instance, the appearance of 
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non-adiabatic coupling is evident in a molecular junction subjected to an intense laser light 10. In general, 

non-adiabatic phenomena can happen during: (I) excited state dynamics, and (II) in presence of 

external driving 11. Varieties of theoretical approaches such as time-dependent Schrödinger equation 

(which is practical only for small systems like 𝐻2
+ ), multi-configurational time dependent Hartree 

(MCTDH) 12, hierarchical quantum master equation (HQME) 13,14 , exact factorization 15, Ab Initio 

Multiple Spawning 16, decoherence corrected fewest-switches surface hopping 17, 18, and other methods 

are proposed to incorporate nonadiabatic effects into the molecular dynamics. Currently, developing 

strategies that can incorporate a periodic external driving to the current non-adiabatic MD methods are 

one of the main research tasks 19, 20, 21.  

The modest aim of this Overview is to highlight how the mixed Quantum-Classical Liouville 

equation (QCLE), and QCLE-classical master equation (QCLE-CME) can be complemented by the 

Floquet theorem to deal with nonadiabatic dynamics with periodic driving in closed and open quantum 

systems. Floquet theory was first introduced by Gaston Floquet in 1883, when he analysed the stability 

of a first order linear partial differential equation (PDE), �̇�(𝑡) = 𝐴(𝑡)𝑋(𝑡), provided that the matrix 𝐴(𝑡) 

is periodic 22. Floquet theorem thus provides a method for the analysis of dynamical systems subjected 

to a periodic driving. Since Schrödinger equation is a first order time derivative PDE, the Floquet 

theorem is applicable for variety of quantum systems with time-periodic Hamiltonians. Nearly 80 years 

later, Shirley introduced Floquet time-evolution operator to solve the time-periodic Schrödinger equation 

23. The Floquet theorem for a time-periodic Hamiltonian is analogous to the Bloch’s theorem for position-

periodic Hamiltonians in solids 24,25. Floquet engineering in the solid-state usually results in splitting of 

the Bloch bands (a hybrid state often called Floquet-Bloch’s states or Floquet quasi-energy spectrum) 

26, 27, and in many cases such driven systems support nontrivial topology 28. Knowing BO approximation 

breaks when electronic states getting close in energy (nontrivial avoid crossing) and the PES in 

molecular dynamics is the analogues concept to the Bloch’s bands in solid, one may get this impression 

that equivalent Floquet PES (replicas) can gives us a powerful tool to deal with non-adiabatic dynamics 

in presence of intense light.  

This paper is structured as follows. In section 2, we will first introduce the Floquet Liouville von-

Neumann equation. Then, we explain two types of Floquet Redfield quantum master equations (QME) 

to deal with Floquet dynamics in open quantum systems. In section 3, we will introduce the Floquet 

quantum classical Liouville equation (QCLE) to incorporate nuclear motion classically. Then, we will 
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introduce the Floquet electronic friction and its numerical realization using the concept of one-body 

Floquet Green’s function. In section 4, we introduce our Floquet QCLE-CME approaches to deal with 

nonadiabatic dynamics in open quantum systems in general. Then, we employ our surface hopping 

algorithms to solve this Floquet QCLE-CME for a time-periodic Anderson-Holstein model.  

2. FLOQUET QUANTUM MASTER EQUATION  

2.1 Fourier and Floquet representations of Liouville von-Neumann (LvN) equation 

In the Schrödinger picture, the Liouville von-Neumann (LvN) equation is 

 𝑑

𝑑𝑡
�̂�(𝑡) = −𝑖[�̂�(𝑡), �̂�(𝑡)]. (1) 

We have set ℏ = 1. �̂�(𝑡) is the total density operator that includes the system and the bath. �̂�(𝑡) is the 

total Hamiltonian that is time-periodic, �̂�(𝑡 + 𝑇) = �̂�(𝑡). A convenient and elegant way to derive time 

evolution of a time-periodic quantum system is based on a sequence of three closely related 

representations of LvN equation as: (I) The Fourier vector-like (V-like) representation, (II) Fourier matrix-

like (M-like) representation and (III) Floquet M-like representation. In the first representation, we 

substitute the following Fourier expansions  

 �̂�(𝑡) = ∑ �̂�(𝑛)(𝑡)𝑒𝑖𝑛𝜔𝑡

𝑛

,  (2) 

 �̂�(𝑡) = ∑ �̂�(𝑛)𝑒𝑖𝑛𝜔𝑡 ,

𝑛

 (3) 

into LvN equation: 

 
∑

𝑑�̂�(𝑛)(𝑡)

𝑑𝑡
𝑒𝑖𝑛𝜔𝑡 + 𝑖𝑛𝜔�̂�(𝑛)(𝑡)𝑒𝑖𝑛𝜔𝑡

𝑛

= ∑ −𝑖[�̂�(𝑛−𝑚), �̂�(𝑚)(𝑡)]𝑒𝑖𝑛𝜔𝑡 .

𝑛,𝑚

 (4) 

We call the above expression as the Fourier V-like representation of LvN equation.  

To obtain the type (II), Fourier M-like representation, we now introduce ladder operator �̂�𝑛, which 

is an operator in the Flourier space {|𝑛⟩} with following properties  

 �̂�𝑛|𝑚⟩ = |𝑚 + 𝑛⟩, �̂�𝑛�̂�𝑚 = �̂�𝑚�̂�𝑛 = �̂�𝑛+𝑚 ⟹ [�̂�𝑛, �̂�𝑚] = 0. (5) 

Such that we can define the density operator and Hamiltonian in the Fourier M-like representation 

 �̂�𝑓(𝑡) = ∑ �̂�𝑛⨂�̂�(𝑛)(𝑡)𝑒𝑖𝑛𝜔𝑡

𝑛

, (6) 

 �̂�𝑓(𝑡) = ∑ �̂�𝑛⨂�̂�(𝑛)𝑒𝑖𝑛𝜔𝑡 .

𝑛

 (7) 

We expect that the LvN equation also holds in the Fourier M-like representation 
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 𝑑

𝑑𝑡
�̂�𝑓(𝑡) = −𝑖[�̂�𝑓(𝑡), �̂�𝑓(𝑡)]. (8) 

Because if we substitute �̂�𝑓(𝑡) and �̂�𝑓(𝑡) in the LvN, we arrive at 

 
∑ �̂�𝑛⨂

𝑑�̂�(𝑛)(𝑡)

𝑑𝑡
𝑒𝑖𝑛𝜔𝑡 + 𝑖𝑛𝜔�̂�𝑛⨂�̂�(𝑛)(𝑡)𝑒𝑖𝑛𝜔𝑡 =

𝑛

∑ −𝑖�̂�𝑛⨂[�̂�(𝑛−𝑚), �̂�(𝑚)(𝑡)]𝑒𝑖𝑛𝜔𝑡 ,

𝑛,𝑚

 (9) 

which is the corresponding Fourier M-like representation of LvN in Fourier V-like representation.  

To arrive at the Floquet M-like presentation, we define  

 �̂�𝐹(𝑡) = 𝑒−𝑖�̂�⨂𝟏𝜔𝑡   �̂�𝑓(𝑡)  𝑒𝑖�̂�⨂𝟏𝜔𝑡 . (10) 

Here, �̂� is the number operator in the Fourier space with the following properties: 

 �̂�|𝑛⟩ = 𝑛|𝑛⟩, [�̂�, �̂�𝑛] = +𝑛�̂�𝑛. (11) 

Such that we can rewrite the density operator in the Floquet M-like representation as  

 �̂�𝐹(𝑡) = ∑ 𝑒−𝑖�̂�⨂𝟏𝜔𝑡�̂�𝑛⨂�̂�(𝑛)(𝑡)𝑒𝑖�̂�⨂𝟏𝜔𝑡𝑒𝑖𝑛𝜔𝑡

𝑛

= ∑ �̂�𝑛⨂�̂�(𝑛)(𝑡)

𝑛

. (12) 

In the above equation, we have used Baker-Campbell-Hausdorff (BCH). Notice that the phase factor 

𝑒𝑖𝑛𝜔𝑡 is vanished. We find that �̂�𝐹(𝑡) follows the LvN equation in the Floquet representation:  

 𝑑

𝑑𝑡
�̂�𝐹(𝑡) = −𝑖[�̂�⨂𝟏𝜔, �̂�𝐹(𝑡)] − 𝑖 [∑ �̂�𝑛⨂𝐻(𝑛)

𝑛

, �̂�𝐹(𝑡)] ≡ −𝑖[�̂�𝐹 , �̂�𝐹(𝑡)]. (13) 

Here we define the Floquet Hamiltonian as:  

 �̂�𝐹 = ∑ �̂�𝑛⨂𝐻(𝑛)

𝑛

+ �̂�⨂𝟏𝜔 (14) 

The above equation is what we refer to as the Floquet LvN equation. We have reduced the time-

dependent Hamiltonian into a time-independent Hamiltonian. As a result, the Floquet basis is a tensor 

product of the Hilbert-space basis {|𝛼⟩} and the Fourier basis {|𝑛⟩}: {|𝛼, 𝑛⟩} = {|𝑛⟩} ⊗ {|𝛼⟩}. The form of 

�̂�𝐹 is consistent with the form that is obtained from the expansion of the time-evolution operator or the 

form that is derived from the concept of quasi-energy 23, 24. However, in our derivation, we arrive at the 

Floquet LvN equation that is formally equivalent to the non-Floquet LvN equation, which will allow us to 

derive formal results that will show below.  

2.2 Evolution in Floquet representation 

Since the Floquet Hamiltonian is time-independent, we can formally solve the Floquet LvN equation: 

 �̂�𝐹(𝑡) = �̂�𝐹(𝑡, 𝑡0)�̂�𝐹(𝑡0)�̂�𝐹−1
(𝑡, 𝑡0), �̂�𝐹(𝑡, 𝑡0) = 𝑒−𝑖�̂�𝐹(𝑡−𝑡0). (15) 
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�̂�𝐹(𝑡, 𝑡0) is the Floquet time evolution operator. With this solution, we can calculate observables. For 

any operator, we can define the corresponding operator in Floquet M-like representation,  

 �̂�𝐹 = ∑ �̂�𝑘⨂�̂�(𝑘)

𝑘

 (16) 

Here �̂�(𝑘)  is the corresponding Fourier component, �̂�(𝑡) = ∑ �̂�(𝑘)𝑒𝑖𝑘𝜔𝑡
𝑘 . The expectation value of 

observable, 〈�̂�(𝑡)〉 can be expressed as  

 〈�̂�(𝑡)〉 = ∑ 𝑇𝑟(�̂�(𝑘)�̂�(𝑛)(𝑡))𝑒𝑖(𝑛+𝑘)𝜔𝑡 = ∑ 𝑇𝑟(�̂�(𝑚−𝑛)�̂�(𝑛)(𝑡))𝑒𝑖𝑚𝜔𝑡 .

𝑚,𝑛𝑘,𝑛

 (17) 

Here, 𝑇𝑟 denotes trace over Hilbert space. Notice that in the Floquet M-like representation, we have 

 �̂�𝐹�̂�𝐹(𝑡) = ∑ �̂�𝑘⨂�̂�(𝑘)�̂�𝑛⨂�̂�(𝑛)(𝑡) =

𝑘,𝑛

∑ �̂�𝑘�̂�𝑛⨂�̂�(𝑘)�̂�(𝑛)(𝑡) = ∑ �̂�𝑚

𝑚

⨂ ∑ �̂�(𝑚−𝑛)�̂�(𝑛)(𝑡)

𝑛

,

𝑘,𝑛

 (18) 

Such that the observable can be calculated as 

 〈�̂�(𝑡)〉 = ∑ 𝑇𝑟(⟨𝑚|�̂�𝐹�̂�𝐹(𝑡)|0⟩)𝑒𝑖𝑚𝜔𝑡

𝑚

 (19) 

Here, we have used the property of the Ladder operator, ⟨𝑚|�̂�𝑚|0⟩ = 1.  

Similarly, the time evolution operator in Schrödinger representation �̂�(𝑡, 𝑡0) can be expressed in 

terms of its Floquet version, �̂�𝐹(𝑡, 𝑡0) 

 �̂�(𝑡, 𝑡0) = ∑ �̂�(𝑘)(𝑡, 𝑡0)𝑒𝑖𝑘𝜔𝑡

𝑘

= ∑⟨𝑘|�̂�𝐹(𝑡, 𝑡0)|0⟩𝑒𝑖𝑘𝜔𝑡

𝑘

= ∑⟨𝑘|𝑒−𝑖�̂�𝐹(𝑡−𝑡0)|0⟩𝑒𝑖𝑘𝜔𝑡 .

𝑘

 (20) 

The above matrix form for �̂�(𝑡, 𝑡0) is identical to the relation achieved from the expansion solution 24. 

We can also go to the diagonalized (adiabatic) basis set of the �̂�𝐹  

 �̂�(𝑡, 𝑡0) = ∑⟨𝑘|𝑌𝑌†𝑒−𝑖�̂�𝐹(𝑡−𝑡0)𝑌𝑌†|0⟩ 𝑒𝑖𝑘𝜔𝑡 = ∑⟨𝑘|𝑌𝑒−𝑖Λ̂𝐹(𝑡−𝑡0)𝑌†|0⟩𝑒𝑖𝑘𝜔𝑡

𝑘𝑘

. (21) 

𝑌 and Λ̂𝐹 are the eigenvectors and eigenvalues of the Floquet Hamiltonian such that 𝑌† �̂�𝐹  𝑌 = Λ̂𝐹.  

 

 

2.3 Redfield QME 

Quantum master equation (QME) is the one of the simplest way to treat dynamics of open systems 29. 

Since the focus of this overview is on Floquet dynamics in open quantum systems, we will first cover 

the Floquet QME. A typical open quantum system consists of a small size system (the System) and 

multiple rather large-size terminals (the bath) with very dense non-interaction states in thermodynamic 
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equilibrium. Here, we will identify the total Hamiltonians of as System �̂�𝑆 and Bath �̂�𝐵. In addition, �̂�𝐵𝑆 

denotes the interaction of the System with environment. 

In the followings we intend to explain two forms for Floquet QME. In general, QME enables us to 

study the time-evolution of the System’s density operator 𝜌𝑆(𝑡) (so-called the reduced density operator) 

rather than the untraceable total density operator 𝜌𝑡𝑜𝑡(𝑡). From the 𝜌𝑆(𝑡), one can evaluate other 

physical observables such as the expectation value of Number operator. In what follows, we assume 

that only the System’s Hamiltonian is time-periodic 𝐻𝑠(𝑡) = 𝐻𝑠(𝑡 + 𝑇), in which 𝑇 = 2𝜋/𝜔, and 𝜔 are 

the driving period and the driving frequency. With this restriction, it appears to us that there could be 

two approaches in which the QME can benefit from the mathematical Floquet theory. In fact, this first 

approach is the Redfield EOM for the reduced 𝜌𝑆(𝑡) wherein the Floquet theorem simplifies the solution 

procedure of the EOM. In the second approach, we will first transform the total density operator to the 

Floquet representation as �̂�𝑡𝑜𝑡(𝑡) → �̂�𝑡𝑜𝑡
𝐹 (𝑡) and then the result will be reduced into the System’s Floquet 

density matrix as 𝜌𝑡𝑜𝑡
𝐹 (𝑡) → 𝜌𝑆

𝐹(𝑡).  

Using the second quantization form, a general expression for the three major components of the 

total Hamiltonian can be given by: 

 �̂�𝑆(𝑡) = ∑ ℎ𝛼𝛽(𝑡)

𝛼,𝛽

�̂�𝛼
†�̂�𝛽 , �̂�𝐵 = ∑ 휀𝑘

𝑘∈𝑙,𝑟 

�̂�𝑘
†�̂�𝑘, �̂�𝐵𝑆 = ∑ 𝑉𝑘𝛼

∗ �̂�𝛼
†�̂�𝑘 + 𝑉𝑘𝛼�̂�𝑘

†�̂�𝛼 ,

𝑘∈𝑙,𝑟;𝛼

 (22) 

where �̂�𝛼
† is the creation operator for an electronic orbital in the system and �̂�𝑘

†
 is the creation operator 

for electronic orbital 𝑘 in the bath. ℎ𝛼𝛽 is a matrix element of the system Hamiltonian. We have set that 

the system is time-periodic 𝐻𝑠(𝑡) = 𝐻𝑠(𝑡 + 𝑇). For the system-bath couplings, we employ the wide-band 

approximation 30 such that the hybridization function Γ𝛼𝛽(휀) is independent of 휀  

 Γ𝛼𝛽(휀) = 2𝜋 ∑ 𝑉𝑘𝛼𝑉𝑘𝛽
∗ 𝛿(휀 − 휀𝑘)

𝑘

= Γ𝛼𝛽 . (23) 

To derive the Redfield QME with periodic driving, we start with the LvN equation for the total density 

operator in the interaction picture,  

 𝑑

𝑑𝑡
�̃�𝑡𝑜𝑡(𝑡) = −𝑖[𝐻𝐵𝑆(𝑡), �̃�𝑡𝑜𝑡(𝑡)]. (24) 

Here the total density operator and interaction Hamiltonian are written in the interaction picture: 

 𝐻𝐵𝑆(𝑡) = 𝑒𝑖�̂�𝐵𝑡𝒯𝑒𝑖 ∫ �̂�𝑆(𝑠)𝑑𝑠 
𝑡
0  �̂�𝐵𝑆 𝑒−𝑖�̂�𝐵𝑡𝒯𝑒−𝑖 ∫ �̂�𝑆(𝑠)𝑑𝑠

𝑡
0 , 

�̃�𝑡𝑜𝑡(𝑡) = 𝑒𝑖�̂�𝐵𝑡𝒯𝑒𝑖 ∫ �̂�𝑆(𝑠)𝑑𝑠
𝑡
0  �̂�𝑡𝑜𝑡(𝑡) 𝑒

−𝑖�̂�𝐵𝑡𝒯𝑒−𝑖 ∫ �̂�𝑆(𝑠)𝑑𝑠
𝑡
0 . 

(25) 
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where 𝒯 is the time-ordering operator. As typically done in the QME, we take the integral over time of 

the LvN equation and then substitute the result into the LvN equation again, such that we arrive at 

 𝑑

𝑑𝑡
�̃�𝑡𝑜𝑡(𝑡) = −𝑖[𝐻𝐵𝑆(𝑡), �̃�𝑡𝑜𝑡(0)] − ∫ [𝐻𝐵𝑆(𝑡), [𝐻𝐵𝑆(𝑡′), �̃�𝑡𝑜𝑡(𝑡

′)
𝑡

0

]]𝑑𝑡′. (26) 

The derivation proceeds by taking the Born approximation which states that system and bath are 

separable due to weak coupling such that the total density matrix can be written as �̃�𝑡𝑜𝑡(𝑡) = �̃�𝑆(𝑡)⨂�̃�𝐵. 

We then trace over bath on both sides of the above equation 

 𝑑

𝑑𝑡
�̃�𝑠(𝑡) = − ∫ 𝑇𝑟𝐵[�̃�𝐵𝑆(𝑡), [𝐻𝐵𝑆(𝑡′), �̃�𝑆(𝑡′)⨂�̃�𝐵

𝑡

0

]]𝑑𝑡′. (27) 

Note that, it can be shown that 𝑇𝑟𝐵[�̃�𝐵𝑆(𝑡), �̃�𝑡𝑜𝑡(0)] = 0, provided that 𝐻𝐵𝑆(𝑡) is a bi-linear function of 

the bath and system operators and the initial density operator is in equilibrium. The last assumption is 

the Markovian approximation, in which one assumes that the bath dynamics are much faster than the 

system, such that one can ignore the memory effects of the bath dynamics: 

 𝑑

𝑑𝑡
�̃�𝑠(𝑡) = − ∫ 𝑇𝑟𝐵[𝐻𝐵𝑆(𝑡), [𝐻𝐵𝑆(𝑡 − 𝜏), �̃�𝑆(𝑡)⨂�̃�𝐵

∞

0

]] 𝑑𝜏. (28) 

The above equation is the Redfield QME that is true with or without time-dependent driving 31. Below, 

we will simplify the QME when applying it to our model Hamiltonian with Floquet driving.  

2.3.1 Redfield QME with Floquet driving: Hilbert space QME 

We now go back to the Schrödinger picture, where the density operator in Schrödinger picture reads 

�̂�𝑆(𝑡) = �̂�𝑆(𝑡)�̃�𝑠(𝑡)�̂�𝑆
†(𝑡). Here �̂�𝑆(𝑡) = 𝒯𝑒−𝑖 ∫ �̂�𝑆(𝑠)𝑑𝑠

𝑡
0  is the time evolution operator for the system. Also, 

we define �̂�𝑆(𝑡, 𝑡 − 𝜏) = 𝒯𝑒−𝑖 ∫ �̂�𝑆(𝑠)𝑑𝑠
𝑡
𝑡−𝜏 and 𝐻𝑆𝐵(𝑡, 𝜏) = 𝑈𝐵(𝜏)�̂�𝑆(𝑡, 𝑡 − 𝜏)�̂�𝐵𝑆�̂�𝑆

†(𝑡, 𝑡 − 𝜏)�̂�𝐵
†(𝜏). With these 

definitions, the Redfield QME in the Schrödinger picture is given by 

 𝜕�̂�𝑆(𝑡)

𝜕𝑡
= −𝑖[�̂�𝑆(𝑡), �̂�𝑆(𝑡)] − ∫ 𝑇𝑟𝐵[�̂�𝐵𝑆, [𝐻𝑆𝐵(𝑡, 𝜏), �̂�𝑆(𝑡)⨂�̂�𝐵

∞

0

]] 𝑑𝜏, (29) 

The bilinear form of the system-bath couplings allows us to simplify 𝐻𝑆𝐵(𝑡, 𝜏) as 

 𝐻𝑆𝐵(𝑡, 𝜏) = ∑ �̃̃�𝛼
†(𝜏)�̃̃�𝛼(𝑡, 𝜏) + �̃̃�𝛼

†(𝑡, 𝜏)�̃̃�𝛼(𝜏).

𝛼

 (30) 

Here, �̃̃�𝛼(𝜏) = ∑ 𝑉𝑘𝛼
∗ �̂�𝑘𝑘 𝑒𝑖𝜀𝑘𝜏, and �̃̃�𝛼(𝑡, 𝜏) = �̂�𝑆(𝑡, 𝑡 − 𝜏)�̂�𝛼�̂�𝑆

†(𝑡, 𝑡 − 𝜏). Same definition holds for �̃̃�𝛼
†(𝑡, 𝜏). 

After breaking the commutators in Equation (29), we will have 8 nonvanishing terms. We now focus on 

the following dissipation operator: 
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∫ ∑ 𝑉𝑘𝛼𝑉𝑘𝛽

∗ 𝑓(휀𝑘, 𝜇)𝑒𝑖𝜀𝑘𝜏 �̂�𝛼 �̃̃�𝛽
†(𝑡, 𝜏)�̂�𝑆(𝑡)

𝛼,𝛽,𝑘

∞

0

 𝑑𝜏. (31) 

On above, we have used the fact that 𝑇𝑟𝐵 (�̂�𝑘
†�̂�𝑘�̂�𝐵(𝜇)) = 𝑓(휀𝑘, 𝜇). At this point, we use the results from 

Section 2.2 for the time evolution, such that we can simplify �̃̃�𝛽
†(𝑡, 𝜏) as  

 �̃̃�𝛽
†(𝑡, 𝜏) = ∑⟨𝑛|𝑒−𝑖�̂�𝐹𝜏

𝑛,𝑚

ℂ̂𝛽,00
† 𝑒𝑖�̂�𝐹𝜏|𝑚⟩𝑒𝑖(𝑛−𝑚)𝜔𝑡 . (32) 

Here, we have defined ℂ̂𝛽,00
† = |0⟩�̂�𝛽

†⟨0| in the Floquet M-like representation. To proceed, we then use 

the eigenbasis of Floquet system Hamiltonian 𝑌† �̂�𝐹  𝑌 = Λ̂𝐹. In particular, we will employ the matrix 

element 

 (𝑌†𝑒−𝑖�̂�𝐹𝜏ℂ̂𝛽,00
† 𝑒𝑖�̂�𝐹𝜏𝑌)

𝑁𝑀
= (𝑒−𝑖Λ̂𝐹𝜏𝑌†ℂ̂𝛽,00

† 𝑌𝑒𝑖Λ̂𝐹𝜏 )
𝑁𝑀

= (𝑌†ℂ̂𝛽,00
† 𝑌)

𝑁𝑀
𝑒−𝑖(𝐸𝑁−𝐸𝑀)𝜏. (33) 

With this matrix elements, we can evaluate the integral  

 
∑ 𝑉𝑘𝛼𝑉𝑘𝛽

∗ 𝑓(휀𝑘, 𝜇) ∫ 𝑒𝑖𝜀𝑘𝜏(𝑌†𝑒−𝑖�̂�𝐹𝜏ℂ̂𝛽,00
† 𝑒𝑖�̂�𝐹𝜏𝑌)

𝑁𝑀
𝑑𝜏

∞

0𝑘

= 𝜋 ∑ 𝑉𝑘𝛼𝑉𝑘𝛽𝑓(휀𝑘, 𝜇)(𝑌†ℂ̂𝛽,00
† 𝑌)

𝑁𝑀
𝛿(휀𝑘 − Ω𝑁𝑀

𝐹 )

𝑘

=
Γ𝛼𝛽

2
ℂ̃𝛽,00

†

𝑁𝑀
 

(34) 

Here, we have defined ℂ̃𝛽,00
†

𝑁𝑀
= (𝑌†ℂ̂𝛽,00

† 𝑌)
𝑁𝑀

𝑓(Ω𝑁𝑀
𝐹 , 𝜇) . If we further define �̃�𝛽

†(𝑡) =

∑ ⟨𝑛|𝑌ℂ̃𝛽,00
† 𝑌†|𝑚⟩𝑛,𝑚 𝑒𝑖(𝑛−𝑚)𝜔𝑡, we can express the first dissipation operator as ∑ (Γ𝛼𝛽/2) 𝑐𝛼�̃�𝛽

†(𝑡)𝜌𝑆(𝑡)𝛼,𝛽  . 

Finally, the first two dissipators can be given by  

𝜕�̂�𝑆(𝑡)

𝜕𝑡
= −𝑖[�̂�𝑆(𝑡), �̂�𝑆(𝑡)]

− ∑
Γ𝛼𝛽

2
(𝑐𝛼�̃�𝛽

†(𝑡)𝜌𝑆(𝑡) + �̂�𝛼
†�̅�𝛽(𝑡)𝜌𝑆(𝑡) − 𝑐𝛼𝜌𝑆(𝑡)�̃�𝛽

†(𝑡) − �̂�𝛼
†𝜌𝑆(𝑡)�̅�𝛽(𝑡))

𝛼,𝛽

+ ℎ. 𝑐. 

(35) 

Where �̅�𝛽(𝑡) = ∑ ⟨𝑛|𝑌ℂ̅𝛽,00𝑌†|𝑚⟩𝑛,𝑚 𝑒𝑖(𝑛−𝑚)𝜔𝑡 , with the element definition ℂ̅𝛽,00𝑁𝑀
= (𝑌†ℂ̂𝛽,00𝑌)

𝑁𝑀
(1 −

𝑓(−Ω𝑁𝑀
𝐹 , 𝜇)). 

 

2.3.2 Redfield QME in Floquet representation: Floquet space QME 

Notice that the previous QME was written in Hilbert space, with System Hamiltonian and the dissipators 

being time dependent. Just as for the total system with periodic driving, we can represent the QME in 

Floquet basis as well. Introducing, ℂ̂𝛼 = �̂�0⨂�̂�𝛼 , ℂ̂𝛼
† = �̂�0⨂�̂�𝛼

†
, and ℍ̂𝐵𝑆 = �̂�0⨂�̂�𝑆𝐵  the procedure of 

deriving Floquet Redfield QME in the Schrödinger picture is straightforward  
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 𝜕�̂�𝑆
𝐹(𝑡)

𝜕𝑡
= −𝑖[�̂�𝑆

𝐹 , �̂�𝑆
𝐹(𝑡)] − ∫ 𝑇𝑟𝐵[ℍ̂𝑆𝐵 , [ℍ̃̃𝑆𝐵(𝜏), �̂�𝑆

𝐹(𝑡)⨂�̂�𝐵

∞

0

]] 𝑑𝜏 (36) 

where ℍ̃̃𝑆𝐵(𝜏) ≡ 𝑒−𝑖�̂�𝐵𝜏𝑒−𝑖�̂�𝑆
𝐹𝜏ℍ̂𝑆𝐵𝑒𝑖�̂�𝐵𝜏𝑒𝑖�̂�𝑆

𝐹𝜏. We find that Floquet dissipators closely resemble the ones 

in the time independent case: 

𝜕�̂�𝑆
𝐹(𝑡)

𝜕𝑡
= −𝑖[�̂�𝑆

𝐹 , �̂�𝑆
𝐹(𝑡)] − ∑

Γ𝛼𝛽

2
𝛼𝛽

(ℂ̂𝛼𝑌ℂ̃𝛽
†𝑌†�̂�𝑆

𝐹(𝑡) + ℂ̂𝛼
†𝑌ℂ̅𝛽𝑌†�̂�𝑆

𝐹(𝑡) − ℂ̂𝛼�̂�𝑆
𝐹(𝑡)𝑌ℂ̃𝛽

†𝑌†

− ℂ̂𝛼
† �̂�𝑆

𝐹(𝑡)𝑌ℂ̅𝛽𝑌†) + ℎ. 𝑐. 

(37) 

In the above equation, we have defined ℂ̃𝛽
†

𝑁𝑀
= (𝑌†ℂ̂𝛽𝑌)

𝑁𝑀
𝑓(Ω𝑁𝑀

𝐹 , 𝜇)  and ℂ̅𝛽𝑁𝑀
= (𝑌†ℂ̂𝛽𝑌)

𝑁𝑀
(1 −

𝑓(−Ω𝑁𝑀
𝐹 , 𝜇)). The above equation is the QME in Floquet representation. FQME offers a simple mean to 

treat dynamics in open quantum systems with periodic driving. Note that the Floquet space is infinite. 

In practice, the Floquet replicas are truncated as long as one can converge the results.    

3. FLOQUET QUANTUM CLASSICAL LIOUVILLE EQUATION (QCLE)  

In the above treatment, all DoFs are being treated quantum mechanically. When nuclear DoFs are 

included in the system, one can derive a mix quantum classical Liouville equation (QCLE) to treat all 

electronic DoFs quantum mechanically, and all nuclear DoFs classically 32, 33. The QCLE is the formal 

starting point in deriving any trajectory based nonadiabatic dynamics methods, including surface 

hopping and Ehrenfest dynamics 34. With periodic driving, a Floquet QCLE can be derived as well 11, 35. 

The F-QCLE will be the formal equation in developing Floquet surface hopping or Floquet electronic 

friction methods.  

3.1 Floquet QCLE 

We now consider that there are two subsystems of particles: electrons and nuclei. The total Hamiltonian 

can be separated into nuclear kinetic energy and electronic Hamiltonian:  

 
�̂�(�̂�, �̂�, 𝑡) = ∑

�̂�𝛼
2

2𝑀𝛼
𝛼

+ �̂�(�̂�, 𝑡), (38) 

Here �̂� = {�̂�1, �̂�2, … , �̂�3𝑁}  and �̂� = {�̂�1, �̂�2, … , �̂�3𝑁}  are momentum and coordinate operators of the 

nuclei. �̂�(�̂�, 𝑡) is the electronic Hamiltonian, which is assumed periodic: �̂�(𝑡 + 𝑇)=�̂�(𝑡). Since the total 

Hamiltonian is periodic in time, we can start from the Floquet LvN equation for the total density operator:  

 𝜕�̂�𝐹

𝜕𝑡
(𝑹, 𝑷, 𝑡) = −𝑖 [�̂�𝐹(�̂�, �̂�), �̂�𝐹(�̂�, �̂�, 𝑡)] (39) 
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Similar to the case of non-Floquet QCLE, we proceed to perform the partial Wigner transformation 

(PWT) with respect to the nuclear coordination on both sides of the above LvN equation. For an operator 

�̂�, PWT is given by 

 
�̂�𝑊(𝑹, 𝑷, 𝑡) ≡ (�̂�(�̂�, �̂�, 𝑡))

𝑊
≡ (2𝜋)−3𝑁 ∫ 𝑑𝒀𝑒−𝑖𝑷.𝒀 ⟨𝑹 −

𝒀
2

|�̂�(�̂�, �̂�, 𝑡)|𝑹 +
𝒀
2

⟩

∞

0

. (40) 

Here, 𝒀 is an auxiliary nuclei vector coordinate. The direct consequence of PWT is that the output 

operator is now a function of nuclei’s coordinate vector and momentum vector (𝑹, 𝑷) rather than the 

operators (�̂�, �̂�). Notice that when performing PWT for a product, we have the following relationship:  

 (�̂��̂�)
𝑊

(𝑹, 𝑷, 𝑡) = (�̂�)
𝑊

(𝑹, 𝑷, 𝑡) 𝑒−𝑖Λ⃡  /2 (�̂�)
𝑊

(𝑹, 𝑷, 𝑡). (40) 

Here, Λ denotes the Poisson bracket: 

 
Λ⃡ = ∑

𝜕

𝜕𝑃𝛼

 ⃡     
 

𝜕

𝜕𝑅𝛼

        
−

𝜕

𝜕𝑅𝛼

 ⃡      
 

𝜕

𝜕𝑃𝛼

       
.

𝛼

 (41) 

𝑒−𝑖Λ⃡  /2 is called the Wigner-Moyal operator. If we keep only the first order of its Tayler expansion 𝑒−𝑖Λ⃡  /2 ≈

1 − 𝑖Λ⃡/2, we will then arrive at the Floquet QCLE:  

 𝜕�̂�𝐹
𝑊

(𝑡)

𝜕𝑡
= −𝑖[�̂�𝐹

𝑊(𝑹, �̂�, �̂�), �̂�𝐹
𝑊

(𝑡)] − ∑
𝑃𝛼

𝑀𝛼

𝜕�̂�𝐹
𝑊

(𝑡)

𝜕𝑅𝛼

+

𝛼

1

2
∑ {

𝜕�̂�𝐹
𝑊(𝑹, �̂�, �̂�)

𝜕𝑅𝛼

,
𝜕�̂�𝐹

𝑊
(𝑡)

𝜕𝑃𝛼

}

𝛼

. (42) 

Here, {, } denotes the anti-commutator. We remind the authors that on the above Floquet QCLE, the 

density and Hamiltonian operators are now in the Floquet space.  

The FQCLE will a platform for developing trajectory based nonadiabatic approach, such as 

Floquet surface hopping. Below, we show that we can further map the FQCLE into a Fokker-Planck 

equation when considering a manifold of electronic states. The resulting electronic friction represents 

the first order correction to the BO approximation.  

3.2 Floquet electronic friction 

Now, we show that we can map the FQCLE into a Fokker-Planck equation when the timescales of 

electronic and the driving are much faster than the nuclear motion. The deviation follows closely to the 

case of non Floquet driving 36, 37. The nuclear density is given by 𝒜(𝑹, 𝑷, 𝑡)=
1

𝑁
𝑇𝑟𝑒,𝐹 (�̂�𝐹

𝑊
(𝑹, 𝑷, 𝑡)) . Here 

we trace over all electronic DoFs as well as all Floquet replicas. Here N is the number of Floquet 

replicas. 𝑇𝑟𝑒,𝐹  represent the trace over the Fourier space and many-body electronic states. To the first 

order correction to the BO approximation, we find that the nuclear motion follows the FP equation as 

follows:  
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 𝜕𝒜(𝑡)

𝜕𝑡
= − ∑

𝑃𝛼

𝑀𝛼

𝜕𝒜(𝑡)

𝜕𝑅𝛼
−

𝛼

∑ 𝐹𝛼

𝛼

𝜕𝒜(𝑡)

𝜕𝑃𝛼

+ ∑ 𝛾𝛼𝛽

𝛼,𝛽

𝜕

𝜕𝑃𝛼

(
𝑃𝛽

𝑀𝛽

𝒜(𝑡)) + ∑ �̅�𝛼𝛽
𝑆

𝜕2𝒜(𝑡)

𝜕𝑃𝛼𝜕𝑃𝛽
𝛼,𝛽

, (43) 

Here 𝐹𝛼 is the mean force, 𝛾𝛼𝛽 is the frictional tensor that represents the first order correction to the BO 

approximation. �̅�𝛼𝛽
𝑆  is the correlation function of the random force. In particular, we can express the 

frictional force as  

 
𝛾𝛼𝛽 = − ∫ 𝑑𝑡

∞

0

𝑇𝑟𝑒,𝐹 (
𝜕𝐻𝐹

𝜕𝑅𝛼

𝑒−𝑖𝐻𝐹𝑡
𝜕�̂�𝑠𝑠

𝐹

𝜕𝑅𝛽

𝑒𝑖𝐻𝐹𝑡), (44) 

Here �̂�𝑠𝑠
𝐹  is the steady state Floquet electronic density operator. Thus, we have arrived in a general form 

for electronic friction in which all contributors are in their Floquet representations.  

3.3 Numerical Results: Electronic friction 

When applying the results for electronic friction to the model Hamiltonian in Equation (22), we can 

express the Floquet electronic friction in terms of Floquet Green’s functions 

 

𝛾𝛼𝛽 = −
1

𝑁
∫

𝑑𝜖

2𝜋
𝑇𝑟𝑚,𝐹 (

𝜕ℎ𝐹

𝜕𝑅𝛼

𝜕𝐺𝐹𝑅
(𝜖)

𝜕𝜖

𝜕ℎ𝐹

𝜕𝑅𝛽

𝐺𝐹<
(𝜖))

∞

−∞

+ ℎ. 𝑐. (45) 

Here 𝑇𝑟𝑚,𝐹 refers to the trace over one-body and Floquet DoFs, and ℎ𝐹 is the matrix elements of the 

System’s Hamiltonian in the Floquet space. And 𝐺𝐹𝑅
(𝜖) and 𝐺𝐹<

(𝜖) are Floquet retarded Green’s 

function and Floquet lesser Green’s function respectively. For more details consult with the Ref. 35.  

To evaluate electronic friction given in terms the Floquet Green’s functions, we choose a two-

level electronic system carrying by two nuclear DoFs. Our model Hamiltonian for such system is given 

by: 

 
ℎ(𝑹, 𝑡) = (

𝑥 + Δ 𝐴𝑦 + 𝐵𝑐𝑜𝑠(𝜔𝑡)
𝐴𝑦 + 𝐵𝑐𝑜𝑠(𝜔𝑡) −𝑥 − Δ

) (46) 

By taking the nuclear potential, 𝑈(𝑹) , to be harmonic oscillators in both 𝑥  and 𝑦  dimensions, the 

diagonal elements of the total Hamiltonian represent two parabolas shifted in the x direction with a 

driving force of 2Δ. The off-diagonal coupling has two terms. The first one depends to the nuclear 

displacement in y direction with the strength 𝐴 and the second is an external time-periodic driving which 

represents the dipole approximation for a monochromatic light-matter interaction. 𝐵 and 𝜔 represent 

the intensity and frequency of the light. We have assumed one of levels connected to the left and 

another connected to the right leads such that Σ𝑘
𝑅 is a diagonal matrix with the same elements as: Γ11 =

Γ22 = 1. In addition, we have employed following variables: 𝐴 = 1, 𝐵 = 2, Δ = 3, 𝛽 = 2, and 𝜇𝐿 = 𝜇𝑅 =
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0. Consistent with previous works 38, in the non-Floquet limit (𝐵 = 0), the antisymmetric part of electronic 

friction, 𝛾𝑥𝑦
𝐴 = (𝛾𝑥𝑦 − 𝛾𝑦𝑥)/2 , is vanishing, whereas the symmetric part, 𝛾𝑥𝑦

𝑆 = (𝛾𝑥𝑦 + 𝛾𝑦𝑥)/2,  is non-

vanishing. In Figure 1 (a) and (b), we have plotted different electronic friction tensors, calculated by 

Equation (46), for 𝜔 = 1 and 𝜔 = 0.5, receptively. As one can see from these figures that, for 𝐵 ≠ 0, the 

𝛾𝑥𝑦
𝐴  is non-vanishing and its strength increases as 𝐵 increases.  

 

Figure 1. Electronic friction tensors for Floquet systems. (a) for 𝜔 = 1 (b) for 𝜔 = 0.5. Parameters are 

set to Γ11 = Γ22 = 1, 𝐴 = 𝐵 = 1, Δ = 2, 𝛽 = 2, and 𝜇𝐿 = 𝜇𝑅 = 0.  

 

The nonvanishing 𝛾𝑥𝑦
𝐴  results in a Lorentz-like force. Previously, we have shown that when 

including spin-orbit couplings, the friction tensor exhibits nonvanishing anti-symmetric parts. 38 Here, we 

show that the light-matter interactions can also introduce nonvanishing 𝛾𝑥𝑦
𝐴 . The nonvanishing Lorentz-

like force is missing in the BO approximation, which may have a strong effect on nuclear dynamics 39. 

Particularly, we have shown that such a Lorentz-like force can results in spin selectivity 39  

 

4. FLOQUET NONADIABATIC DYNAMICS IN OPEN QUANTUM SYSTEM 

4.1 QAUNTUM-CLASSICAL LIOUVILLE EQUATION - CLASSICAL MASTER 

EQUATION (QCLE-CME) 

When consider the nonadiabatic dynamics in open quantum system with Floquet driving, we can embed 

the FQCLE into a master equation. The procedure follows from the Floquet QME (Equation (36)) for 

the system, and then take the partial Wigner transformation on the nuclear DoFs. Finally, we arrive at 

FQCLE-CME:  

∂

∂𝑡
�̂�𝑆

𝐹
𝑊

(𝑹, 𝑷, 𝑡) = {�̂�𝑆
𝐹

𝑊
(𝑹, 𝑷), �̂�𝑆

𝐹
𝑊

(𝑹, 𝑷, 𝑡)}𝑎 − i[�̂�𝑆
𝐹

𝑊
(𝑹, 𝑷), �̂�𝑆

𝐹
𝑊

(𝑹, 𝑷, 𝑡)] − �̂�𝑊
𝐹 (�̂�𝑆

𝐹
𝑊

(𝑹, 𝑷, 𝑡)) (47) 

1

Look at the Figure 1 that consists of three subfigures: ??, ??, and ??. If I don’t want to repeat myself, I can also

say that Figure 1 consists of the subfigures ??, ??, and ??.

FIG. 1: Subreferences in LATEX.

(b) (a) 
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Here, different from the FQCLE, we have an additional dissipator, �̂�𝑊
𝐹 (�̂�𝑆

𝐹
𝑊

(𝑹, 𝑷, 𝑡)), given by  

 
�̂�𝑊

𝐹 (�̂�𝑆
𝐹

𝑊
(𝑹, 𝑷, 𝑡)) = − ∫ 𝑑𝜏𝑇𝑟𝐵 ([ℍ̂𝑆𝐵

𝐹
𝑊

, [ℍ̃̃𝑆𝐵
𝐹

𝑊
(𝜏), �̂�𝑆

𝐹
𝑊

(𝑹, 𝑷, 𝑡)⨂�̂�𝐵]])
∞

0

 (48) 

Notice that this dissipator is being partial Wigner transformed on the nuclear DoFs. We can further 

simplify this dissipator when considering the model Hamiltonian presented in Equation (22). The results 

will be similar to Equation (37) except that now the operator will be position dependent. The FQCLE-

CME is a general approach to deal with Floquet nonadiabatic dynamics in open quantum systems. 

Below, we will apply this approach to a simple model.  

4.2 Anderson-Holstein model with Floquet driving: a case study 

We will now try to elaborate our methods based on the Anderson-Holstein model with Floquet driving. 

In our Anderson-Holstein model, there is only one level in the System, which couples to an electronic 

bath as well as a nuclear DoF. In addition, we apply a periodic driving to the electronic level. Such that 

the System Hamiltonian reads  

 
�̂�𝑆(𝑡) = (𝐸𝑑 + 𝐴 𝑠𝑖𝑛(Ω𝑡))�̂�†�̂� + 𝑔(�̂�† + �̂�)�̂�†�̂� + ℏ𝜔 (�̂�†�̂� +

1

2
) = �̂�𝑚𝑜𝑙 + 𝐴 𝑠𝑖𝑛(Ω𝑡)�̂�†�̂�. (50) 

In the System Hamiltonian �̂�𝑆(𝑡), which is separated into the time-independent part (�̂�𝑚𝑜𝑙) and time-

dependent part (𝐴 𝑠𝑖𝑛(Ω𝑡)�̂�†�̂�), we consider the one level with the energy of 𝐸𝑑 is coupled to an oscillator 

with frequency 𝜔, the coupling strength can be tuned by 𝑔. Additionally, the amplitude 𝐴 determines the 

strength of the time periodic driving and Ω is the driving frequency. In this special case, we can derive 

a classical master equation to describe the coupled electron-nuclear dynamics for the system 40.  

 𝜕�̂�0(𝑥, 𝑝)

𝜕𝑡
=

𝜕�̂�0(𝑥, 𝑝)

𝜕𝑥

𝜕�̂�0(𝑥, 𝑝)

𝜕𝑝
−

𝜕�̂�0(𝑥, 𝑝)

𝜕𝑝

𝜕�̂�0(𝑥, 𝑝)

𝜕𝑥
− 𝛾0→1�̂�0(𝑥, 𝑝) + 𝛾1→0�̂�1(𝑥, 𝑝) 

𝜕�̂�1(𝑥, 𝑝)

𝜕𝑡
=

𝜕�̂�1(𝑥, 𝑝)

𝜕𝑥

𝜕�̂�1(𝑥, 𝑝)

𝜕𝑝
−

𝜕�̂�1(𝑥, 𝑝)

𝜕𝑝

𝜕�̂�1(𝑥, 𝑝)

𝜕𝑥
+ 𝛾0→1�̂�0(𝑥, 𝑝) − 𝛾1→0�̂�1(𝑥, 𝑝) 

 

(51) 

Here �̂�0(𝑥, 𝑝) and �̂�1(𝑥, 𝑝) are the phase space density with the level being empty or occupied. 𝛾0→1 and 

𝛾1→0 are the hopping rates that is given by:  

 𝛾0→1 = Γ𝑓(∆𝑉) 

𝛾1→0 = Γ (1 − 𝑓(∆𝑉)) 

∆𝑉 = �̂�1 − �̂�0 = √2𝑔𝑥 + 𝐸𝑑 

 

(52) 
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Here, 𝑓(∆𝑉) refers to the Fermi function that is modified with Floquet replicas (Bessel-modified fermi 

function). In general, 𝑓(∆𝑉) is time dependent 40. However, in the upcoming result and taking the time-

scale separation, we employed the following time-averaged Bessel-modified fermi function:  

 
𝑓(𝜖) = ∑ [𝐽𝑛 (

𝐴

Ω
)]

2

𝑓(𝜖 − 𝑛Ω)

𝑛

 (53) 

Where 𝑓 is the Fermi function. In fact, the rate equations given in Equation (51) is our CME for one-

level where the Floquet theory is applied only within its dissipator term. We will employ the following 

surface hopping (SH) algorithm, to solve the above F-CME approximately. The algorithm is as follows, 

1. Prepare the initial 𝑥 and 𝑝. Choose the active potential surface (say the state 0 surface). 

2. Evolve 𝑥 and 𝑝 according to classical EOM for a time interval ∆𝑡 on the active surface. 

3. Calculating the hopping rate 𝛾0→1 based on 𝑓(∆𝑉) and generate a random number 휁 ∈ [0,1]. If 

휁 < 𝛾0→1∆𝑡, the nuclei switch to the other surface without momentum rescaling. Otherwise, the 

nuclei stay on the same surface. 

4. Repeat step 2 and 3 for the desired number of time steps. 

Our Floquet surface hopping approach thus refers to solving Bessel-CME using SH (F-CME-SH). In the 

Figure 2, we present the transient electronic and nuclear dynamics of the one-level case. In particular, 

we plotted the nuclear kinetic energy denoted by 𝐸𝑘 and the expectation value of the number operator 

denoted by 𝑵 while the electrochemical potential kept at zero. Two methods are compared against each 

other, namely above F-CME-SH and the QCLE that is associated with Hilbert space QME (H-QME). 

Results are given for three different values for the driving amplitudes. Note that when the driving 

amplitude is small (𝐴 = 0.001), the nuclear kinetics can reach to the equilibrium temperature of 𝐸𝑘 =

1/2𝑘𝑇, however, when increasing the driving amplitude (𝐴 = 0.01, 0.02 ), the effective temperature is 

different from the equilibrium temperature. This indicates that system cannot reach to thermodynamic 

equilibrium under high intensity driving. We have realized that employing the time-averaged Bessel-

modified fermi function in Figure 2 (F-CME-SH) allows the dynamics to reach to the correct steady state 

in longer time while the dynamics will miss the small oscillation features that is associated with the 

external driving (not visible in the Figure 2). 
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Figure 2. Transient dynamics: (a)-(c) the impurity electronic population as a function of time with 

different driving frequencies Ω and driving amplitudes 𝐴. (d)-(e) the nuclear relaxation as a function of 

time associated with (a)-(c). Here, we set nuclear frequency as ℏ𝜔 = 0.003, electron-phonon coupling 

𝑔 = 0.0075, 𝑘𝑇 = 0.01, Γ = 0.01, and 𝐸𝑑 = 𝑔2 ℏ𝜔⁄ . Note that the effect temperature is different from 

equilibrium temperature (𝐸𝑘 = 1/2𝑘𝑇) when the driving amplitude is large (𝐴 = 0.01, 0.02). 

 

Conclusion 

In this overview, we offer Floquet formalism to treat dynamics, with a focus on nonadiabatic dynamics 

in open quantum systems. We begin by introduce Floquet LvN formulation, then two versions of Floquet 

QME, and Floquet QCLE. We also offer electronic friction approach, which is the first correction to the 

BO approximation with all electronic dynamics and Floquet driving being incorporated into frictional 

force. Finally, we sketch out Floquet QCLE-CME to treat nonadiabatic dynamics in open quantum 

systems in general. As an example, we consider a driven Anderson-Holstein model. We show that a 

Floquet surface hopping approach is applicable to treat the electronic and nuclear dynamics with 

periodic driving.  
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